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ON CLOSEDNESS OF CONVEX SETS IN BANACH LATTICES
MADE TANTRAWAN AND DENNY H. LEUNG
Abstract. Let X be a Banach lattice. A well-known problem arising from the
theory of risk measures asks when order closedness of a convex set in X im-
plies closedness with respect to the topology σ(X,X∼n ), where X
∼
n is the order
continuous dual of X. Motivated by the solution in the Orlicz space case, we in-
troduce two relevant properties: the disjoint order continuity property (DOCP )
and the order subsequence splitting property (OSSP ). We show that when X
is monotonically complete with OSSP and X∼n contains a strictly positive el-
ement, every order closed convex set in X is σ(X,X∼n )-closed if and only if X
has DOCP and either X or X∼n is order continuous. This in turn occurs if and
only if either X or the norm dual X∗ of X is order continuous. We also give
a modular condition under which a Banach lattice has OSSP . In addition, we
also give a characterization of X for which order closedness of a convex set in X
is equivalent to closedness with respect to the topology σ(X,X∼uo), where X
∼
uo is
the unbounded order continuous dual of X.
1. Introduction
1.1. Background and motivations. This paper is motivated by recent develop-
ments in the theory of risk measures. One of important problems in the theory
of risk measures asks when a coherent risk measure admits a Fenchel-Moreau dual
representation. Note that any coherent risk measure is a proper convex functional.
For a locally convex topological space (X, τ), the Fenchel-Moreau formula [4, The-
orem 1.11] asserts that a proper convex functional ρ : X → (−∞,∞] admits a dual
representation via the topological dual (X, τ)∗ if and only if ρ is τ -lower semicon-
tinuous, i.e., Cλ := {ρ ≤ λ} is τ -closed for every λ ∈ R. In a Banach lattice X, the
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2 M. TANTRAWAN AND D. LEUNG
order continuous dual X∼n of X is one of the topological duals that has been inten-
sively studied recently, related to this duality problem (see [3, 5, 7, 8, 9, 12, 17]).
When X = L∞, it was proved in [5] that a coherent risk measure ρ admits a
Fenchel-Moreau dual representation via X∼n = L
1 if and only if ρ has the Fatou
property, i.e., ρ(f) ≤ lim infn ρ(fn) whenever {fn} order converges to f in X.
Hence, in order to solve the Fenchel-Moreau duality problem for a general Banach
lattice, it is natural to ask the following problem which was stated as an open
question in [17, p. 3585].
Problem 1.1. Let ρ be a proper convex functional on a Banach lattice X. Does
the Fatou property of ρ imply σ(X,X∼n ) lower semicontinuity of ρ?
Since the Fatou property of ρ is equivalent to order closedness of the sublevel
sets Cλ, Problem 1.1 is closely related to the following problem.
Problem 1.2. Let X be a Banach lattice. Is it true that every order closed convex
set in X is σ(X,X∼n )-closed?
Note that an affirmative answer to Problem 1.2 will give an affirmative answer
to Problem 1.1. When X = Lϕ is an Orlicz space over a nonatomic probability
space, Delbaen and Owari [6] obtained a partial positive solution to Problem 1.2.
Completing the result for Orlicz spaces X = Lϕ, Gao et al. [9] proved that Problem
1.1 and Problem 1.2 have affirmative answers if and only if either ϕ or its conjugate
ϕ∗ satisfies the so-called ∆2-condition, equivalently, if and only if either X or X∼n
has order continuous norm. In this paper, we extend the result into a large class
of Banach lattices.
The paper is organized as follows. In Section 2, we investigate some neces-
sary and sufficient conditions for Banach lattices to have an affirmative answer for
Problem 1.2. Motivated by [9], we introduce two properties which we call the order
subsequence splitting property (OSSP ) and the disjoint order continuity property
(DOCP ), respectively. The main result of the paper is that for a monotonically
complete Banach lattice X which has OSSP and admits a strictly positive order
continuous functional, Problem 1.2 has an affirmative answer if and only if X has
DOCP and either X or X∼n is order continuous, if and only if X or X
∗ is order
continuous. In Section 3, we apply the results in Section 2 into some known Ba-
nach lattices, namely Musielak-Orlicz spaces and Cesa`ro function spaces. We also
explain why Theorem 2.23 can be seen as a generalization of the result in [9]. In
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the last section, we give a characterization of when order closedness of a convex set
in a Banach lattice X implies closedness with respect to the topology σ(X,X∼uo),
where X∼uo is the unbounded order continuous dual of X.
1.2. Basic definitions and facts. We refer to [15, 18, 1, 21] for basic definitions
and facts on Banach lattices. Let X be a Banach lattice. A set E in X is said to
be order bounded if there exists h ∈ X such that |f | ≤ h for every f ∈ E. X is
called Dedekind complete (respectively, σ-Dedekind complete) if every non-empty
order bounded set (respectively, sequence) has a supremum and an infimum in X.
A sublattice E of X is said to be order dense in X if for each f ∈ X with f > 0,
there is some h ∈ E such that 0 < h ≤ f .
A net {fα} in X is said to order converge to f in X, written as fα o−→ f , if
there exists a net {hγ} such that hγ ↓ 0 and for every γ > 0, there exists α0 such
that |fα − f | ≤ hγ for α ≥ α0. When X is σ-Dedekind complete, a sequence {fn}
order converges to f in X if and only if there exists a decreasing sequence {hn}
in X such that |fn − f | ≤ hn for every n. The order continuous dual X∼n of X
is the collection of all linear functionals g on X which are order continuous, i.e.,
〈g, fα〉 := g(fα) → 0 whenever fα o−→ 0. Note that X∼n is a Banach lattice and an
ideal in the norm dual X∗ of X. Denote by Xa the order continuous part of X,
that is, the set of all f ∈ X such that ‖fα‖X → 0 whenever fα o−→ 0 and |fα| ≤ |f |.
We say that X is order continuous if Xa = X, or equivalently, X
∼
n = X
∗ ([15,
Theorem 2.4.2]).
A net {fα} in X is said to uo-converge to f in X, we write fα uo−→ 0, if |fα− f | ∧
h
o−→ 0 for all h ∈ X+. The unbounded order continuous dual (uo-dual) X∼uo of X
is the collection of all linear functionals g on X such that 〈g, fα〉 → 0 whenever
fα
uo−→ 0 and {fα} is norm bounded. For any Banach lattice X, X∼uo is the order
continuous part of X∼n , i.e., X
∼
uo = (X
∼
n )a ([10, Theorem 2.3.]). See [10, 11, 13] for
more details on the concepts of uo-convergence and uo-dual.
A Banach lattice X is said to be monotonically complete if supα fα exists for
every increasing norm bounded net {fα} in X. We say that X has the weak
Fatou property if there exists r > 0 such that every increasing net {fα} with
the supremum f ∈ X satisfies ‖f‖X ≤ r supα ‖fα‖X . Note that a monotonically
complete Banach lattice X is Dedekind complete and has the weak Fatou property
([15, Theorem 2.4.19]). When X is Dedekind complete and X∼n separates points
of X (i.e., for every f ∈ X with f 6= 0, there exists g ∈ X∼n such that 〈g, f〉 6= 0),
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X is monotonically complete if and only if X = (X∼n )
∼
n with equivalence of norms
([15, Theorem 2.4.22]).
2. Order closedness and σ(X,X∼n )-closedness of convex sets in
Banach lattices
Let X be a Banach lattice. For any E ⊆ X, we define its order closure Eo
to be the set of all f ∈ X such that there exists a net {fα} in E which order
converges to f . We say that E ⊆ X is order closed if Eo = E. A net {fα} in X
is said to |σ|(X,X∼n )-converge to f in X, written as fα
|σ|(X,X∼n )−−−−−−→ f , if {|fα − f |}
σ(X,X∼n )-converges to 0. Observe that for any E ⊆ X,
E
o ⊆ E|σ|s(X,X∼n ) ⊆ Eσs(X,X∼n ) ⊆ Eσ(X,X∼n ) = E|σ|(X,X∼n )
where E
σs(X,X∼n ) and E
|σ|s(X,X∼n ) are the σ(X,X∼n )-sequential closure and the
|σ|(X,X∼n )-sequential closure of E, respectively. The last equality comes from
Mazur’s theorem and the fact that the topological dual of X under |σ|(X,X∼n )
is X∼n ([1, Theorem 3.50]). It follows that every σ(X,X
∼
n )-closed convex set in
X is order closed. Therefore, if Problem 1.2 has an affirmative answer, the order
closedness of a convex set C in X is equivalent to the σ(X,X∼n )-closedness of C.
Definition 2.1. Let X be a Banach lattice. We say that order closedness of
convex sets in X is σ(X,X∼n ) determined if every order closed convex set C is
σ(X,X∼n )-closed. We call this property P1 in brief.
With this terminology, we are interested precisely in the problem of identifying
the Banach lattices X with property P1. We begin with a necessary condition for
X to have property P1. For any x ∈ X, denote by B(x) the band generated by
x. When X is σ-Dedekind complete, each B(x) is a projection band (see, e.g., [18,
Corollary 2, p. 64]).
Lemma 2.2. Suppose that X is Dedekind complete with the weak Fatou property
and X∼n separates points of X. If both X and X
∼
n are not order continuous, then
there exist a norm bounded set of disjoint positive elements A = {xn}n≥1 ∪ {w0} ∪
{wij}i,j≥1 in X and a norm bounded set of disjoint positive elements B = {yn}n≥1∪
{z0} ∪ {zij}i,j≥1 in X∼n such that
(a) the order sums (o)
∑
n≥1 xn and (o)
∑
i,j≥1 zij belong to X and X
∼
n respectively,
(b) 〈yn, xn〉 = 〈z0, w0〉 = 〈zij, wij〉 = 1 for all n, i, j ≥ 1, and 〈y, x〉 = 0 for the
remaining pairs (x, y) ∈ A×B.
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Proof. Since X is not order continuous, we may apply [18, Theorem 5.14, p. 94]
to obtain a normalized disjoint sequence {fn} in X+ such that the order sum
(o)
∑
n fn belongs to X. Let f¯1 := (o)
∑
n f2n−1 and f¯2 := (o)
∑
n f2n. Denote by
P1 and P2 the band projections onto B(f¯1) and B(f¯2), respectively. Since f¯1 and f¯2
are disjoint, P3 := IX − P1− P2 is also a band projection, where IX is the identity
operator on X. Observe that
X = P1(X)⊕ P2(X)⊕ P3(X).
Since {f2n−1}n and {f2n}n are normalized disjoint sequences in P1(X) = B(f¯1) and
P2(X) = B(f¯2) respectively, both P1(X) and P2(X) are not order continuous by
[18, Theorem 5.14, p. 94]. For i = 1, 2, 3, let P ∗i be the dual operator of Pi. Then
each P ∗i is a band projection and
X∼n = P
∗
1 (X
∼
n )⊕ P ∗2 (X∼n )⊕ P ∗3 (X∼n ) .
Since X∼n is not order continuous, there exists s ∈ {1, 2, 3} such that P ∗s (X∼n ) is
not order continuous. Pick t ∈ {1, 2}\{s}. Then Pt(X) is not order continuous
and 〈y, x〉 = 0 for every (x, y) ∈ (P ∗s (X∼n )× Pt(X)) ∪ (P ∗t (X∼n )× Ps(X)).
Since Pt(X) is not order continuous, we may apply [18, Theorem 5.14, p. 94]
to obtain a normalized disjoint positive sequence {xn}n≥1 in Pt(X) such that the
order sum (o)
∑
n≥1 xn belongs to X. Since X is Dedekind complete with the weak
Fatou property and X∼n separates points of X, by [15, Lemma 2.4.20] there exists
r ≥ 1 such that
‖x‖X ≤ r2 sup{〈x′, |x|〉 : x′ ∈ (X∼n )+, ‖x′‖X∼n ≤ 1}
for all x ∈ X. Then we can choose a norm bounded sequence of positive elements
{y′n}n≥1 ⊆ X∼n such that 〈y′n, xn〉 = 1 for all n. For every n, let Qn be the band
projection onto B(xn) ⊆ Pt(X). Set yn = Q∗n(y′n) where Q∗n is the dual operator of
Qn. Then {yn}n≥1 is a norm bounded disjoint positive sequence in X∼n such that
yn ∧ y = 0 for all y ∈ P ∗s (X∼n )+, 〈yn, xn〉 = 1 and 〈yn, xm〉 = 0 for all n 6= m.
Since P ∗s (X
∼
n ) is not order continuous, we may apply [18, Theorem 5.14, p. 94]
again to obtain a normalized disjoint positive sequence {z′0}∪{z′ij}i,j≥1 in P ∗s (X∼n ) ⊆
X∼n such that the order sum (o)
∑
i,j≥1 z
′
ij belongs to X
∼
n . Then there is a norm
bounded sequence {w′0} ∪ {w′ij}i,j≥1 in Ps(X) such that 〈z′0, w′0〉 = 〈z′ij, w′ij〉 = 2
for every i, j ≥ 1. Applying [15, Proposition 2.3.1] to sequences {z′0} ∪ {z′ij}i,j≥1
and {w′0} ∪ {w′ij}i,j≥1, we can find a norm bounded disjoint positive sequence
{w0} ∪ {wij}i,j≥1 in Ps(X) and a subsequence {z0} ∪ {zij}i,j≥1 of {z′0} ∪ {z′ij}i,j≥1
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such that 〈z0, w0〉 = 〈zij, wij〉 = 1 and 〈z0, wij〉 = 〈zij, w0〉 = 〈zij, wnm〉 = 0 for all
(i, j) 6= (n,m). Set A = {xn}n≥1 ∪ {w0} ∪ {wij}i,j≥1 and B = {yn}n≥1 ∪ {z0} ∪
{zij}i,j≥1. Then they are norm bounded sets of disjoint positive elements in X and
X∼n , respectively, which satisfy (a) and (b). 
For the next lemma, we assume that X is Dedekind complete with the weak
Fatou property, X∼n separates points of X, and both X and X
∼
n are not order
continuous. Let {xn}n≥1∪{w0}∪{wij}i,j≥1 and {yn}n≥1∪{z0}∪{zij}i,j≥1 be norm
bounded sequences obtained in Lemma 2.2. Observe that for any x ∈ X,∑
i,j≥1
|〈zij, x〉| ≤ 〈z¯, |x|〉 ≤ ‖x‖X‖z¯‖X∼n ,
where z¯ := (o)
∑
i,j≥1 zij. Then the map T : X → `∞ ⊕ R⊕ `1(N× N) defined by
T (x) = {〈yn, x〉}n≥1 ⊕ 〈z0, x〉 ⊕ {〈zij, x〉}i,j≥1
is a positive bounded linear operator on X.
For any x ∈ X, we write x ∼ (λ, b) if there are λ ∈ R and b = {b(i, j)}i,j≥1 ∈
`1(N× N) such that
λ ≥ 0, b ≥ 0,
∑
i
2i‖bi‖1 = 1,
a ≥ −λ, v ≥ λb and u ≥ λ
l∑
i=1
4iS(bi) for all l ≥ 1,
where T (x) = u⊕ a⊕ v, bi = {b(i, j)}j for every i, and S({aj}j) =
{∑n
j=1 aj
}
n
for
every {aj}j.
Lemma 2.3. Let C = {x ∈ X : x ∼ (λ, b) for some λ ∈ R and b ∈ `1(N × N)}.
Then C is convex, not σ(X,X∼n ) closed, and f ∈ C whenever there is a norm
bounded net {fα} in C such that |fα − f | σ(X,X
∼
n )−−−−−→ 0.
Proof. Using the same steps as in the proof of [9, Lemma 3.6], one can show that
C is convex and −w0 ∈ Cσ(X,X
∼
n )\C. In particular, C is not σ(X,X∼n )-closed.
Now, let f ∈ X and {fα}α∈I be a norm bounded net in C such that |fα − f | σ(X,X
∼
n )−−−−−→
0. Write
T (fα) = uα ⊕ aα ⊕ vα and T (f) = u⊕ a⊕ v.
For each n ≥ 1, denote by u(n) the n-th coordinate of a vector u ∈ `∞. Note that
lim
α
uα(n) = lim
α
〈yn, fα〉 = 〈yn, f〉 = u(n)
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for every n ≥ 1. Moreover, since {fα}α∈I is norm bounded in X, {uα}α∈I is norm
bounded in `∞. It follows that {uα}α∈I σ(`∞, `1)-converges to u. Similarly, {aα}α∈I
converges to a. For any {cij}i,j≥1 ∈ `∞(N× N),
|〈{cij}, vα − v〉| =
∣∣∣∣∣∑
i,j≥1
cij〈zij, fα − f〉
∣∣∣∣∣ ≤ ∑
i,j≥1
|cij| 〈zij, |fα − f |〉
≤ sup
i,j≥1
|cij| 〈z¯, |fα − f |〉 → 0.
Hence {vα}α∈I converges to v with respect to the topology σ(`1(N×N), `∞(N×N)).
Denote by co(E) the set of all convex combinations of elements in E. Observe
that for every α ∈ I,
v ∈ co({vβ}β≥α)σ(`
1(N×N),`∞(N×N))
= co({vβ}β≥α)‖·‖`1(N×N) .
Then for every (α, n) ∈ I × N, there exists vα,n ∈ co{vβ}β≥α such that
‖vα,n − v‖`1(N×N) ≤ 1
n
.
For every (α, n) ∈ I × N, let fα,n, uα,n and aα,n be the corresponding convex
combinations in co({fβ}β≥α), co({uβ}β≥α) and co({aβ}β≥α), respectively. Then
{vα,n}(α,n)∈I×N norm converges to v, {fα,n}(α,n)∈I×N σ(X,X∼n )-converges to f ,
{uα,n}(α,n)∈I×N σ(`∞, `1)-converges to u and {aα,n}(α,n)∈I×N converges to a.
Now, since (`∞, σ(`∞, `1)) and (`1, ‖ · ‖`1(N×N)) are metrizable on norm bounded
sets, we can find a sequence {αk, nk} ⊆ I × N such that
u′k := uαk,nk
σ(`∞,`1)−−−−−→ u, a′k := aαk,nk → a and v′k := vαk,nk
‖·‖`1(N×N)−−−−−−→ v.
For each k ∈ N, let f ′k := fαk,nk ∼ (λk, bk) and write bki = {bk(i, j)}j for each i ∈ N.
Choose M so that ‖u′k‖∞ ≤M for all k ∈ N. If l ≥ 1, then
(2.1) M ≥ u′k(n) ≥ λk
l∑
i=1
4iS(bki)(n)→ λk
l∑
i=1
4i‖bki‖1
as n→∞. It follows that M ≥ λk
∑l
i=1 4
i‖bki‖1 ≥ λk
∑l
i=1 2
i‖bki‖1 = λk ≥ 0 and
hence, {λk} is a bounded sequence. By passing to a subsequence, we may assume
that {λk} converges to some λ ≥ 0.
If λ = 0, it is easy to check that f ∼ (λ, b) for any b ∈ `1(N × N) such that∑l
i=1 2
i‖bi‖1 = 1 where bi = {b(i, j)}j. Hence, f ∈ C. Now, suppose that λ > 0.
Since v′k ≥ λkbk ≥ 0 for all k ∈ N and {v′k} norm converges in `1(N×N), it follows
that {λkbk} is relatively norm compact in `1(N×N). By passing to a subsequence
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again, we may assume that {λkbk} norm converges to some d ∈ `1(N × N). Set
b = d
λ
. Then b ≥ 0 and {bk} norm converges to b. We claim that f ∼ (λ, b).
Clearly, for any i ≥ 1, 2i‖bki‖1 → 2i‖bi‖1 as k → ∞. Choose k0 such that λk ≥ λ2
for all k ≥ k0. By (2.1), if k ≥ k0, then 0 ≤ 2i‖bki‖1 ≤ Mλ2i−1 for any i ≥ 1. From
the dominated convergence theorem, we obtain that∑
i
2i‖bi‖1 = lim
k→∞
∑
i
2i‖bki‖1 = 1.
Furthermore,
a = lim
k→∞
a′k ≥ − lim
k→∞
λk = −λ and v = lim
k→∞
v′k ≥ lim
k→∞
λkbk = λb.
Note that, for each n and i, S(bki)(n)→ S(bi)(n) as k →∞. Then for any l ≥ 1,
u(n) = lim
k→∞
u′k(n) ≥ lim
k→∞
λk
l∑
i=1
4iS(bki)(n) = λ
l∑
i=1
4iS(bi)(n).
It follows that
u ≥ λ
l∑
i=1
4iS(bi) for any l ≥ 1.
Thus, f ∼ (λ, b) and hence, f ∈ C, as desired. 
As a consequence, we have the following necessary condition for property P1.
Theorem 2.4. Suppose that X is Dedekind complete with the weak Fatou property
and X∼n separates points of X. If X has property P1, then either X or X
∼
n is order
continuous.
Proof. Suppose that both X and X∼n are not order continuous. Let C be the set
defined in Lemma 2.3. Then C is convex and not σ(X,X∼n )-closed. Let f be an
element in the order closure of C. There exists a net {fα} in C that order converges
to f . By passing to a subnet, we may assume that {fα} is order bounded, and
hence it is norm bounded. Since |fα− f | o−→ 0, |fα− f | σ(X,X
∼
n )−−−−−→ 0. By Lemma 2.3,
we deduce that f ∈ C. Thus, C is an order closed convex set in X which is not
σ(X,X∼n )-closed. This contradicts property P1. Thus, either X or X
∼
n is order
continuous 
Lemma 2.3 also gives a characterization of the Krein-Smulian property for
σ(X,X∼n ). We say that σ(X,X
∼
n ) has the Krein-Smulian property if every convex
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set C in X is σ(X,X∼n )-closed whenever C∩kB is σ(X,X∼n )-closed for every k ∈ N,
where
B = {x ∈ X : 〈x′, |x|〉 ≤ 1 for all x′ ∈ (X∼n )+ with ‖x′‖X∼n ≤ 1}.
Note that B is σ(X,X∼n )-closed and hence, order closed. When X is a Dedekind
complete Banach lattice with the weak Fatou property and X∼n separates points of
X, B is norm bounded (see [15][Theorem 2.4.20]).
Theorem 2.5. Suppose that X is monotonically complete and X∼n separates points
of X. Then σ(X,X∼n ) has the Krein-Smulian property if and only if either X or
X∼n is order continuous.
Proof. Suppose that either X or X∼n is order continuous. If X is order continuous,
then σ(X,X∼n ) is just the weak topology and hence, it has the Krein-Smulian
property. If X∼n is order continuous, (X
∼
n )
∼
n = (X
∼
n )
∗. Since X is monotonically
complete, (X∼n )
∼
n = X. It follows that σ(X,X
∼
n ) = σ((X
∼
n )
∼
n , X
∼
n ) = σ((X
∼
n )
∗, X∼n )
is the weak-star topology. Hence, it also has the Krein-Smulian property. The
reverse implication follows from Lemma 2.3 and the fact that B is norm bounded
and σ(X,X∼n )-closed. 
What about the converse of Theorem 2.4? It is easy to see that order continuity
of X is a sufficient condition for property P1.
Proposition 2.6. A σ-Dedekind complete Banach lattice X is order continuous
if and only if C
o
= C
σ(X,X∼n ) for every convex set C in X. In particular, if X is
order continuous, then X has property P1.
Proof. Suppose that C
o
= C
σ(X,X∼n ) for every convex set C in X. Then Y
o
=
Y
σ(X,X∼n ) for every sublattice Y in X. By [7, Theorem 2.7], X is order continuous.
Conversely, if X is order continuous, then X∗ = X∼n and hence, σ(X,X
∼
n ) is
the weak topology on X. By Mazur’s theorem, C
σ(X,X∼n ) = C
‖·‖X
. Since every
norm convergent sequence has a subsequence that order converges to the same
limit (see, e.g., [13, Lemma 3.11]), we conclude that C
σ(X,X∼n ) ⊆ Co. Therefore,
C
o
= C
σ(X,X∼n ). The second part is an immediate consequence of the first part. 
When X∼n is order continuous, we have the following equivalence condition for
property P1.
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Proposition 2.7. Suppose that X is monotonically complete. Assume that X∼n is
order continuous and separates points of X. Then X has property P1 if and only
if every norm bounded order closed convex set in X is σ(X,X∼n )-closed.
Proof. The ”only if” part is clear. Conversely, suppose that every norm bounded
order closed convex set in X is σ(X,X∼n )-closed. Let C be an order closed convex
set in X. Since B is a norm bounded order closed convex set in X, each C ∩ kB is
also a norm bounded order closed convex set in X. By the hypothesis, each C∩kB
is σ(X,X∼n )-closed. Since σ(X,X
∼
n ) has the Krein-Smulian property (Theorem
2.5), we conclude that C is σ(X,X∼n )-closed. 
In case that X is an Orlicz space, every norm bounded order closed convex set
in X is σ(X,X∼n )-closed ([9, Theorem 3.4]). In fact, C
o
= C
|σ|s(X,X∼n ) = C
σ(X,X∼n )
for every norm bounded convex set C in X. However, this property may fail in a
general Banach lattice (see Section 3.2). Proposition 2.7 motivates us to investigate
the following properties.
Definition 2.8. A Banach lattice X is said to have property
P2 if every norm bounded order closed convex set in X is σ(X,X∼n )-closed.
P3 if C
o
= C
σ(X,X∼n ) for every norm bounded convex set C in X.
P4 if every order closed norm bounded convex set inX is |σ|(X,X∼n )-sequentially
closed.
P5 if C
o
= C
|σ|s(X,X∼n ) for every norm bounded convex set C in X.
The following relations are either immediate or follow from one of Theorem 2.4,
Proposition 2.6 or Proposition 2.7.
X or X∼n is OC
P3 P2 P1 X is OC
P5 P4
MC+ (∗)
+X∼n is OC
DC + wk Fatou+(∗)
Figure 1. Basic relations between P1, P2, P3, P4 and P5.
(OC = order continuous, MC = monotonically complete, DC =
Dedekind complete, (∗) = X∼n separates points of X)
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In case that X∼n is order continuous and contains a strictly positive element, P2
is equivalent to P4 and P3 is equivalent to P5.
Proposition 2.9. Suppose that X∼n is order continuous and contains a strictly
positive element. Then C
|σ|s(X,X∼n ) = C
σ(X,X∼n ) for every norm bounded convex set
C in X. In particular, P2 is equivalent to P4 and P3 is equivalent to P5.
Proof. Let C be a norm bounded convex set in X and f ∈ Cσ(X,X∼n ). According
to [10, Theorem 4.1], there exists a sequence {fn} ⊆ C such that |fn − f | uo−→ 0.
Since {fn} is norm bounded, |fn − f | σ(X,X
∼
uo)−−−−−→ 0. Since X∼n is order continuous,
X∼n = (X
∼
n )a = X
∼
uo. Thus, |fn − f |
σ(X,X∼n )−−−−−→ 0 and hence, f ∈ C |σ|s(X,X∼n ). This
shows that C
σ(X,X∼n ) ⊆ C |σ|s(X,X∼n ). The reverse inclusion is clear. The second part
follows directly from the first part. 
Now, we analyze the weakest of properties in Figure 1, namely P4.
Proposition 2.10. Let {fn} be a norm bounded disjoint sequence in X+. If {fn}
is isomorphic to `1 basis, then co({fn})o is order closed and
co({fn})o =
{ ∞∑
i=1
aifi : ai ≥ 0,
∞∑
i=1
ai = 1
}
.
Proof. Let C := {∑∞i=1 aifi : ai ≥ 0,∑∞i=1 ai = 1}. Since
co({fn}) ⊆ C ⊆ co({fn})‖·‖X ⊆ co({fn})o,
we only need to show that C is order closed. Let h ∈ Co. Then there exists a net
{hα} ⊆ C such that hα o−→ h. After passing to a subnet, we may assume that {hα}
is order bounded, i.e., hα ≤ g for some g ∈ X. Write
hα =
∞∑
i=1
aα,ifi
for some aα,i ≥ 0 with
∑∞
i=1 aα,i = 1. Clearly, {aα,i}i ∈ `1 for every α. For every i,
let ai := supα aα,i. Clearly, ai ∈ R+ since {aα,ifi}α is order bounded (by g). Since
{fn} is isomorphic to `1 basis, there is an M > 0 such that
1
M
k∑
i=1
|ci| ≤
∥∥∥∥∥
k∑
i=1
cifi
∥∥∥∥∥
X
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for every k and {ci}. It follows that
1
M
k∑
i=1
|ai| ≤
∥∥∥∥∥
k∑
i=1
aifi
∥∥∥∥∥
X
≤ ‖g‖X
for every k. This implies that {ai}i ∈ `1 and hence, {{aα,i}i}α is an order bounded
net in `1. Note that order intervals in `1 are norm compact. Then {{aα,i}i}α is
relatively norm compact in `1 and hence, it has a subnet {{aαβ ,i}i}β that norm
converges to some {bi}i ∈ `1. Since {aα,i}α is order bounded in `1, {{aαβ ,i}i}β also
order converges to {bi}i. It follows that bi ≥ 0 for every i and
∑∞
i=1 bi = 1. Let
h¯ =
∞∑
i=1
bifi
Then h¯ ∈ C and hαβ o−→ h¯. Since hα o−→ h, we deduce that h = h¯ ∈ C. Thus, C is
order closed. 
Corollary 2.11. Let {fn} be a norm bounded disjoint sequence in X+. If {fn} is
isomorphic to `1 basis, then 0 /∈ co({fn})o.
Proposition 2.12. Suppose that X has property P4. Let {fn} be a norm bounded
disjoint sequence in X+. If {fn} is isomorphic to `1 basis, then co({fn})o =
co({fn})|σ|s(X,X
∼
n )
.
Proof. By Proposition 2.10, co({fn})o is order closed. Hence, it is |σ|(X,X∼n )-
sequentially closed by P4. It follows that
co({fn})|σ|s(X,X
∼
n ) ⊆ co({fn})o
|σ|s(X,X∼n )
= co({fn})o ⊆ co({fn})|σ|s(X,X
∼
n )
.
Therefore, co({fn})o = co({fn})|σ|s(X,X
∼
n )
. 
Lemma 2.13. Let {fn} be a norm bounded disjoint sequence in X+. Then {fn}
converges weakly to 0 if and only if no subsequence of {fn} is isomorphic to `1
basis.
Proof. The ”only if” part is clear since `1 basis is not weakly null. Conversely,
suppose that {fn} does not converge weakly to 0. We will show that {fn} has a
subsequence which is isomorphic to `1 basis. Since {fn} does not converge weakly to
0, there exist g ∈ X∗,  > 0 and a subsequence {fnk} of {fn} such that 〈g, fnk〉 > 
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for every k. It follows that∥∥∥∥∥
m∑
k=1
akfnk
∥∥∥∥∥
X
=
∥∥∥∥∥
m∑
k=1
|ak|fnk
∥∥∥∥∥
X
≥ 1‖g‖X∗
〈
g,
m∑
k=1
|ak|fnk
〉
≥ ‖g‖X∗
m∑
k=1
|ak|
for every m and {ak}. Thus, {fnk} is isomorphic to `1 basis. 
The preceding results suggest the following definition.
Definition 2.14. A Banach lattice X is said to have the disjoint order continu-
ity property (DOCP ) if for every norm bounded disjoint sequence {fn} in X+,
fn
σ(X,X∼n )−−−−−→ 0 implies {fn} converges weakly to 0.
The reason for the terminology comes from the following simple proposition.
Proposition 2.15. A Banach lattice X is order continuous if and only if X is σ-
Dedekind complete and for every norm bounded sequence {fn} in X+, fn σ(X,X
∼
n )−−−−−→ 0
implies {fn} converges weakly to 0.
Proof. If X is order continuous, then X is σ-Dedekind complete and σ(X,X∼n ) is
the weak topology on X. It follows that for every norm bounded sequence {fn}
in X+, fn
σ(X,X∼n )−−−−−→ 0 implies {fn} converges weakly to 0. Conversely, suppose
that X is σ-Dedekind complete and for every norm bounded sequence {fn} in X+,
fn
σ(X,X∼n )−−−−−→ 0 implies {fn} converges weakly to 0. Let {fn} be an order bounded
increasing sequence in X+ and f be the supremum of {fn}. Then {f−fn} is a norm
bounded sequence in X+ and f − fn σ(X,X
∼
n )−−−−−→ 0. By the hypothesis, {fn} converges
weakly to f . Using the corollary after [18, Theorem 5.9, p. 89], we obtain that {fn}
norm converges to f . Thus, every order bounded increasing sequence in X+ norm
converges. By [21, Theorem 1.1], we conclude that X is order continuous. 
In case that X∼n is order continuous, DOCP implies the order continuity of the
norm dual X∗ of X. In fact, we have the following property.
Proposition 2.16. X∗ is order continuous if and only if X∼n is order continuous
and X has DOCP .
Proof. Suppose that X∗ is order continuous. Clearly, X∼n is order continuous.
Recall that X∗ is order continuous if and only if every norm bounded disjoint
sequence in X+ converges weakly to 0 ([21, Theorem 3.1]). It follows that X has
DOCP . Conversely, suppose that X∼n is order continuous and X has DOCP .
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Let {fn} be a norm bounded disjoint sequence in X+. By [11, Corollary 3.6],
fn
uo−→ 0 and hence, {fn} σ(X,X∼uo)-converges to 0. Since X∼n is order continuous,
X∼uo = X
∼
n . Then {fn} σ(X,X∼n )-converges to 0 and by DOCP , {fn} converges
weakly to 0. Thus, X∗ is order continuous. 
The next theorem shows that any Banach lattice with property P4 has DOCP .
Theorem 2.17. If X has property P4, then X has DOCP . In particular, any
Banach lattice with property P1 has DOCP .
Proof. Let {fn} be a norm bounded disjoint sequence inX+ such that fn σ(X,X
∼
n )−−−−−→ 0.
Suppose that there is a subsequence {fnk} of {fn} which is isomorphic to `1 basis.
Since fnk
σ(X,X∼n )−−−−−→ 0, we have that 0 ∈ co({fnk})
|σ|s(X,X∼n )
. On the other hand, by
Proposition 2.12 and Corollary 2.11,
0 /∈ co({fnk})
o
= co({fnk})
|σ|s(X,X∼n )
,
a contradiction. Thus, no subsequence of {fn} is isomorphic to `1 basis and by
Lemma 2.13, we conclude that fn
σ(X,X∗)−−−−−→ 0. 
Lemma 2.13 also gives another condition for X to have DOCP .
Lemma 2.18. If {fn} is a sequence in Xa which σ(X,X∼n )-converges to 0, then
{fn} converges weakly to 0.
Proof. Let g ∈ X∗ and ga be the restriction of g on Xa. Then ga ∈ (Xa)∗. Since Xa
is order continuous, (Xa)
∗ = (Xa)∼n . Hence, ga is a norm bounded order continuous
functional on Xa. Since Xa is an ideal in X, [19, Corollary 1.2] implies that ga has
a norm preserving order continuous extension g˜ on X. Since g˜ ∈ X∼n , {fn} ⊆ Xa
and fn
σ(X,X∼n )−−−−−→ 0, we obtain that 〈g, fn〉 = 〈ga, fn〉 = 〈g˜, fn〉 → 0. Thus, we
conclude that {fn} converges weakly to 0. 
Proposition 2.19. Suppose that (X/Xa)
∗ is order continuous. Then X has DOCP .
Proof. By Lemma 2.13, it is enough to show that for every norm bounded disjoint
sequence {fn} in X+, fn σ(X,X
∼
n )−−−−−→ 0 implies that {fn} is not isomorphic to `1
basis. Let {fn} be a norm bounded disjoint sequence in X+ such that fn σ(X,X
∼
n )−−−−−→
0. Denote by q the canonical map from X onto X/Xa. Since (X/Xa)
∗ is order
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continuous and {q(fn)} is a norm bounded disjoint positive sequence in X/Xa, by
[21, Theorem 3.1], {q(fn)} converges weakly to 0. It follows that
0 ∈ co({q(fn) : n ≥ k})σ(X/Xa,(X/Xa)
∗)
= co({q(fn) : n ≥ k})‖·‖X/Xa
for every k. Choose k1 ≥ 1 and g1 ∈ co({fn : 1 ≤ n < k1}) such that ‖q(g1)‖ ≤ 121 .
There exist k2 > k1 and g2 ∈ co({fn : k1 ≤ n < k2}) such that ‖q(g2)‖ ≤ 122 .
Continuing this process, we can find a disjoint sequence {gn} in co({fn}) such
that gn
σ(X,X∼n )−−−−−→ 0 and {q(gn)} norm converges to 0. For every n, there exists
hn ∈ Xa such that 0 ≤ hn ≤ gn, ‖gn − hn‖X < ‖q(gn)‖X/Xa + 12n . It follows that
{gn−hn} norm converges to 0 and hence, converges weakly to 0 . Since {hn} ⊆ Xa
and hn
σ(X,X∼n )−−−−−→ 0, by Lemma 2.18, {hn} converges weakly to 0. Then {gn} also
converges weakly to 0 and hence,
0 ∈ co({gn})σ(X,X
∗) ⊆ co({fn})σ(X,X
∗)
= co({fn})‖·‖X ⊆ co({fn})o.
From Corollary 2.11, we conclude that {fn} is not isomorphic to `1 basis. 
Recall that if X is an Orlicz space, then X/Xa is an AM-space and hence, (X/
Xa)
∗ is order continuous. By Proposition 2.19, we obtain that any Orlicz space
has DOCP .
A Banach lattice X is said to have the subsequence splitting property if ev-
ery norm bounded sequence in X has a subsequence that splits into an X-equi-
integrable sequence and a disjoint sequence ([20]). When X is an Orlicz space
and X∼n is order continuous, Delbaen and Owari [6] showed that X has property
P1 by using the subsequence splitting property. However, even for Orlicz spaces,
analyzing property P1 in the situation when X∼n is not order continuous requires
a different kind of splitting, which we formalize in the next definition.
Definition 2.20. A Banach lattice X is said to have the order subsequence split-
ting property (OSSP ) if for every norm bounded sequence {fn} in X+ which
uo-converges to 0, there exists a subsequence {fnk} of {fn} satisfying
fnk = xk + yk + zk,
where xk, yk, zk ≥ 0, xk ∈ Xa for all k, {yk} is a disjoint sequence and {zk} is order
bounded.
Clearly, any order continuous Banach lattice has OSSP . Any Orlicz space also
has OSSP (see Section 3.1).
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Proposition 2.21. Suppose that X has OSSP and X∼n contains a strictly positive
element. Then DOCP, P4 and P5 all are equivalent.
Proof. It is enough to show that DOCP implies P5. Suppose that X has DOCP .
Let C be a norm bounded convex set in X. We will show that C
o
= C
|σ|s(X,X∼n ).
Clearly, C
o ⊆ C |σ|s(X,X∼n ). Now, let f ∈ C |σ|s(X,X∼n ). Then there exists {fn} ⊆ C
such that |fn − f | σ(X,X
∼
n )−−−−−→ 0. Let g be a strictly positive element in X∼n . Then
〈g, |fn−f |〉 → 0. After passing to a subsequence, we may assume that 〈g, |fn−f |〉 <
1
2n
for every n. Using the same steps as in the proof of [10, Theorem 4.1], we obtain
that |fn − f | uo−→ 0. Hence, by OSSP , there exists a subsequence {fnk} of {fn}
satisfying
|fnk − f | = xk + yk + zk
where xk, yk, zk ≥ 0, xk ∈ Xa for all k, {yk} is a disjoint sequence and {zk} is order
bounded. Note that xk
σ(X,X∼n )−−−−−→ 0, yk σ(X,X
∼
n )−−−−−→ 0 and zk o−→ 0. Since {xk} ⊆ Xa and
xk
σ(X,X∼n )−−−−−→ 0, {xk} converges weakly to 0 by Lemma 2.18. By DOCP , {yk} also
converges weakly to 0. Hence, {xk + yk} converges weakly to 0. Since
0 ∈ co({xk + yk : k ≥ m})σ(X,X
∗)
= co({xk + yk : k ≥ m})‖·‖X
for every m, we can find a strictly increasing sequence {pm} and {amk ≥ 0 :
k = pm−1 + 1, . . . , pm,m ∈ N} (p0 := 0) such that
∑pm
k=pm−1+1 amk = 1 and∥∥∥∑pmk=pm−1+1 amk(xk + yk)∥∥∥ ≤ 12m for every m. Note that∑pmk=pm−1+1 amk(xk+yk) o−→
0 as m → ∞. Together with the fact that {zk} order converges to 0, we deduce
that
pm∑
k=pm−1+1
amk|fnk − f | o−→ 0
as m→∞ and hence,
pm∑
k=pm−1+1
amkfnk
o−→ f
as m → ∞. Since ∑pmk=pm−1+1 amkfnk ∈ C for every m, we conclude that f ∈
C
o
. 
From Proposition 2.21 and Proposition 2.9, we obtain the following corollary.
Corollary 2.22. Suppose that X∼n is order continuous and contains a strictly pos-
itive element. If X has OSSP , then P2, P3, P4, P5 and DOCP all are equivalent.
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Now, we come to the main result of this paper.
Theorem 2.23. Suppose that X is a monotonically complete Banach lattice and
X∼n contains a strictly positive element. If X has OSSP , then the following state-
ments are equivalent:
(1) X has property P1.
(2) X has DOCP and either X or X∼n is order continuous.
(3) X has DOCP and σ(X,X∼n ) has the Krein-Smulian property.
(4) either X or X∗ is order continuous.
Proof. Since X∼n contains a strictly positive element, X
∼
n separates points of X.
By Theorem 2.5 and Proposition 2.16, (2), (3) and (4) are equivalent. (1) =⇒ (2)
follows from Theorem 2.4 and Theorem 2.17. Assume that (2) holds. If X is
order continuous, then it has property P1 by Proposition 2.6. If X∼n is order
continuous, then X has property P1 by Proposition 2.7 and Corollary 2.22. Thus
(2) =⇒ (1). 
The results obtained in this section can be summarized into the following dia-
gram.
σ(X,X∼n ) has KS
X or X∼n is OC
P3 P2 P1 X is OC
P5 P4
DOCP
DC + wk Fatou+ (∗) MC+(∗)
MC + (∗)
+X∼n is OC
DC + wk Fatou + (∗)
X∼n is OC + (∗∗) X∼n is OC + (∗∗)
OSSP+(∗∗)
Figure 2. All relations between P1, P2, P3, P4, P5 and DOCP .
(KS = Krein Smulian property, OC = order continuous, MC = mono-
tonically complete, DC = Dedekind complete, (∗) = X∼n separates
points of X, (∗∗) = X∼n contains a strictly positive element)
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3. Some examples
In this section, we investigate property P1 for some known Banach lattices. In
the first example, we provide a general class of Banach lattices (including the Orlicz
spaces) to which Theorem 2.23 applies. In the second example, we give an example
of a space that fails DOCP and in particular, fails both P1 and P2.
3.1. Banach lattices with modular conditions. Let X be a Banach lattice.
A functional ρ : X → [0,∞] is called a special modular on X if it is satisfies the
following conditions
(M1) If f ∈ X+ and ρ(f) <∞, then ρ(fn)→ 0 whenever fn o−→ 0 and 0 ≤ fn ≤ f .
(M2) If {fn} is a sequence in X such that
∑
n ρ(fn) < ∞, then a subsequence of
{fn} is order bounded.
(M3) ρ(f) <∞ for every f in the closed unit ball of X.
Example 3.1. Let (Ω,Σ, µ) be a σ-finite measure space. Denote by L0(Ω,Σ, µ)
be the vector lattice of all (equivalence classes with respect to equality a.e. of)
real measurable functions on Ω. A function ϕ : Ω × [0,∞) → [0,∞] is called a
Musielak-Orlicz function if ϕ(x, ·) is an Orlicz function for all x ∈ Ω and ϕ(·, t)
is measurable for all t ≥ 0. For a Musielak-Orlicz function ϕ, the functional
ρϕ : L
0(Ω,Σ, µ)→ [0,∞], given by
ρϕ(f) =
∫
Ω
ϕ(x, |f(x)|)dµ,
is convex and defines the Musielak-Orlicz space
Lϕ = {f ∈ L0(Ω,Σ, µ) : ρϕ(λf) <∞ for some λ > 0}
with the Luxemburg norm
‖f‖ϕ = inf{λ > 0 : ρϕ(f/λ) ≤ 1}.
Note that Lϕ is a Banach function space (i.e., a Banach lattice which is also an
ideal of L0(Ω,Σ, µ)). Furthermore, it is a generalization of Orlicz spaces. One can
check that the functional ρϕ is a special modular on L
ϕ. See [16] and [21] for more
details on Musielak-Orlicz spaces.
The existence of a special modular ρ on a Dedekind complete Banach lattice X
will guarantee OSSP . If, in addition, X has the countable sup property and Xa
is order dense in X, it also will guarantee DOCP . A Banach lattice X is said to
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have the countable sup property if every set E ⊆ X contains a countable subset
E0 such that supE = supE0 whenever supE exists in X.
Proposition 3.2. Let X be a Dedekind complete Banach lattice which supports a
special modular. If {fn} is a norm bounded sequence in X+ which uo-converges to
0, there is a subsequence {fnk} of {fn} with a splitting
fnk = yk + zk,
where yk, zk ≥ 0, {yk} is a disjoint sequence and {zk} is order bounded. In partic-
ular, X has OSSP.
Proof. Let {fn} be a norm bounded sequence in X+ which uo-converges to 0.
Without loss of generality, assume that {‖fn‖X} is bounded by 1. Denote by E
the principal ideal generated by f :=
∑
n
1
2n
fn in X. Note that E is a Dedekind
complete AM-space with unit f (see [18, p. 102]). Thus there exists a compact
Stonian space K (i.e., each open subset of K has open closure) such that E is iso-
morphic (as a Banach lattice) to C(K), i.e., the space of all real-valued continuous
function on K. Therefore, we may view every element of E, including fn, as a con-
tinuous function on K. In this case, f can be viewed as the constant function χK
on K. Furthermore, for any open-and-closed set A and h ∈ C(K), hχA ∈ C(K).
For each n ≥ 1, let Dn := {t ∈ K : fn(t) > 1} and En =
⋃∞
i=nD
c
i . Then Dn and
En are open-and-closed sets in K. Let ρ be a special modular on X. We claim
that for every n ≥ 1, there exists m > n such that ρ (fnχEm∩Dn) < 12n . Fix n ≥ 1.
Observe that for every m > n, Em ∩Dn is an open-and-closed set in K and
fnχEm∩Dn ≤ ‖fn‖∞χEm ≤ ‖fn‖∞ sup
i≥m
(fi ∧ f) .
Since fm
uo−→ 0, ‖fn‖∞ supi≥m (fi ∧ f) o−→ 0 in X. It follows that fnχEm∩Dn o−→ 0 in
X. Note that 0 ≤ fnχEm∩Dn ≤ fn and ρ(fn) <∞ by (M3). By (M1), we can find
m > n such that ρ (fnχEm∩Dn) <
1
2n
. This proves the claim.
From the claim, we can find a strictly increasing sequence {nk} such that
ρ
(
fnkχEnk+1∩Dnk
)
<
1
2k
for every k. Set Ak := D
c
nk
, Bk := Enk+1 ∩Dnk and Ck := Ecnk+1 ∩Dnk . Then for
every k, Ak, Bk and Ck are disjoint open-and-closed sets in K such that
(i) Ak ∪Bk ∪ Ck = K,
(ii) fnkχAk ≤ χK = f ,
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(iii) ρ (fnkχBk) <
1
2k
,
(iv) Ck ⊆ Am ⊆ Ccm for every m > k.
Define
yk := fnkχCk , z
(1)
k := fnkχAk and z
(2)
k := fnkχBk .
Then yk, z
(1)
k , z
(2)
k ∈ X+ and
(i) fnk = yk + z
(1)
k + z
(2)
k ,
(ii) z
(1)
k ≤ f ,
(iii) ρ(z
(2)
k ) <
1
2k
,
(iv) {yk} is a disjoint sequence.
Clearly, {z(1)k } is order bounded by f . By (M2), {z(2)k } has an order bounded sub-
sequence. Without loss of generality, we may assume that {z(2)k } is order bounded.
Hence, {zk} := {z(1)k + z(2)k } is order bounded. Thus, there exists a subsequence
{fnk} of {fn} such that
fnk = yk + zk
where yk, zk ≥ 0, {yk} is a disjoint sequence and {zk} is order bounded. 
Proposition 3.3. Let X be a Banach lattice with the countable sup property. If
X admits a special modular and Xa is order dense in X, then X has DOCP .
Proof. Let ρ be a special modular on X and {fn} be a norm bounded disjoint
sequence in X+ which σ(X,X
∼
n )-converges to 0. Without loss of generality, we
assume that {fn} is norm bounded by 1 (hence, ρ(fn) < ∞ by (M3)). Since Xa
is order dense in X, {h : f − h ∈ Xa, 0 < h < f} ↓ 0 for any f ∈ X+ (see [1,
Theorem 3.1]). By the countable sup property and (M1), we can find a sequence
{hn} in Xa such that 0 ≤ hn ≤ fn, fn−hn ∈ Xa and ρ(hn) ≤ 12n for every n. Since
fn− hn σ(X,X
∼
n )−−−−−→ 0, {fn− hn} converges weakly to 0 by Lemma 2.18. It remains to
show that {hn} converges weakly to 0.
Suppose that {hn} does not converge weakly to 0. By Lemma 2.13, it has a sub-
sequence {hnk} which is isomorphic to `1 basis. Since {hnk} is a disjoint sequence,
0 /∈ co({hnk})
o
by Corollary 2.11. On the other hand, since
∑
k ρ(hnk) <∞, {hnk}
has an order bounded subsequence by (M2). Note that any disjoint sequence uo-
converges to 0 ([11, Corollary 3.6]). It follows that {hnk} has a subsequence which
order converges to 0. This implies that 0 ∈ co({hnk})
o
, a contradiction. Thus,
{hn} converges weakly to 0. 
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When X is σ-Dedekind complete and admits a strictly positive linear functional,
it has the countable sup property (see, e.g., the corollary after [18, Proposition 4.9,
p. 78]). From Proposition 3.2 and Proposition 3.3, we obtain the following special
case of Theorem 2.23.
Theorem 3.4. Suppose that X is a monotonically complete Banach lattice and
X∼n contains a strictly positive element. If X admits a special modular, then the
following statements are equivalent:
(1) X has property P1.
(2) Either X or X∗ is order continuous.
If, in addition, Xa is order dense in X, then they are also equivalent to the following
statements:
(3) Either X or X∼n is order continuous.
(4) σ(X,X∼n ) has the Krein-Smulian property.
Recall that any Banach function space admits a strictly positive order continuous
functional ([11, Proposition 5.19]) and in case that X is a Musielak-Orlicz space,
X is monotonically complete and Xa is order dense in X (see, e.g., the remark
after [21, Theorem 1.19]). Hence, we obtain the following corollaries. Corollary 3.6
explains why Theorem 2.23 can be seen as a generalization of [9, Theorem 3.7].
Corollary 3.5. Let X be a monotonically complete Banach function space. If X
admits a special modular and Xa is order dense in X, then the following statements
are equivalent:
(1) X has property P1.
(2) Either X or X∗ is order continuous.
(3) Either X or X∼n is order continuous.
(4) σ(X,X∼n ) has the Krein-Smulian property.
Corollary 3.6. If X is a Musielak-Orlicz space, then the following statements are
equivalent:
(1) X has property P1.
(2) Either X or X∗ is order continuous.
(3) Either X or X∼n is order continuous.
(4) σ(X,X∼n ) has the Krein-Smulian property.
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From Figure 2, one can see that DOCP is the weakest of the properties consid-
ered in Section 2. Note that any Musielak-Orlicz space has DOCP (see Proposition
3.3). Hence, it is interesting to see a Banach lattice failing DOCP which we will
give in the next example.
3.2. Cesa`ro function spaces. Cesa`ro function spaces Cesp[0, 1], 1 ≤ p ≤ ∞, are
classes of all Lebesque measurable real functions f on [0, 1] such that
‖f‖Cesp[0,1] =
[∫ 1
0
(
1
x
∫ x
0
|f(t)|dt
)p
dx
]1/p
<∞ for 1 ≤ p <∞
and
‖f‖Ces∞[0,1] = sup
0<x≤1
1
x
∫ x
0
|f(t)|dt <∞ for p =∞.
The space Cesp[0, 1] is a Dedekind complete Banach lattice. It is easy to check that
for 1 ≤ p <∞, Cesp[0, 1] is order continuous. For more details on Cesa`ro function
spaces see [14] and [2].
Theorem 3.7. Let X = Cesp[0, 1].
(1) If 1 ≤ p <∞, then X has property P1.
(2) If p =∞, then X does not have DOCP . Therefore, X does not have property
P2 (and hence P1).
Proof. If 1 ≤ p < ∞, X is order continuous and by Proposition 2.6, X has prop-
erty P1. Now, suppose that p = ∞. We will show that there exists a norm
bounded disjoint sequence {fn} in X+ such that fn σ(X,X
∼
n )−−−−−→ 0 but 0 /∈ co({fn})o.
Note that this will imply that X does not have DOCP because otherwise 0 ∈
co({fn})σ(X,X
∗)
= co({fn})‖·‖X ⊆ co({fn})o, a contradiction.
Let bm =
1
m
and amn = bm − n(bm−bm+1)m+1 for m ∈ N and 0 ≤ n ≤ m. Then
bm+1 < amn < . . . < am,0 = bm. Define
fn =
∞∑
m=n
cmnχ[amn,am,n−1)
where cmn =
bm+1−bm+2
am,n−1−amn . Observe that {fn} is a disjoint positive sequence and
∫ x
0
fn(t)dt =

bm+2 if bm+1 < x < amn, m ≥ n
cmn(x− amn) + bm+2 if amn ≤ x ≤ am,n−1, m ≥ n
bm+1 if am,n−1 < x ≤ bm, m ≥ n
bn+1 if x > bn
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for every n ∈ N and x ∈ (0, 1]. Then
‖fn‖Ces∞[0,1] = sup
0<x≤1
1
x
∫ x
0
|fn(t)|dt ≤ sup
{
sup
m≥n
bm+1
bm
, 1
}
= 1
and so, {fn} is norm bounded in X. Recall that the order continuous dual of X is
given as follows:
X∼n = (Ces∞[0, 1])
∼
n = L˜
1[0, 1]
where ‖f‖L˜1[0,1] =
∫ 1
0
f˜(x)dx and f˜(x) = ess supt∈[x,1] |f(t)| ([14, Theorem 4.4]).
Therefore, to prove that fn
σ(X,X∼n )−−−−−→ 0, it is enough to show that ∫ 1
0
fn(t)g(t)dt→ 0
for any decreasing function g ∈ L1[0, 1]. However, this is clear since∫ 1
0
fn(t)g(t)dt ≤
∞∑
m=n
g(bm+1)(bm+1 − bm+2) ≤
∫ bn+1
0
g(t)dt→ 0
as n→∞ for every decreasing function g in L1[0, 1].
Now, observe that for every {dn},∥∥∥∥∥
k∑
n=1
dnfn
∥∥∥∥∥
Ces∞[0,1]
= sup
0<x≤1
1
x
∫ x
0
k∑
n=1
|dn|fn(t)dt
≥ 1
bk+1
∫ bk+1
0
k∑
n=1
|dn|fn(t)dt
=
bk+2
bk+1
k∑
n=1
|dn|
>
1
2
k∑
n=1
|dn|.
It follows that {fn} is isomorphic to `1 basis. By Corollary 2.11, we deduce that
0 /∈ co({fn})o. 
4. Order closedness and σ(X,X∼uo)-closedness of convex sets in
Banach lattices
Let X be a Banach lattice. Observe that that E
o ⊆ Eσ(X,X∼n ) ⊆ Eσ(X,X∼uo) for
every set E in X. It follows that every σ(X,X∼uo)-closed convex set is σ(X,X
∼
n )-
closed and order closed. Then it is natural to ask a problem similar to Problem
1.2 for the topology σ(X,X∼uo):
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Problem 4.1. Let X be a Banach lattice. Is it true that every order closed convex
set is σ(X,X∼uo)-closed?
In this section, we will give an answer to this problem.
Proposition 4.2. Let X be a Banach lattice. If every norm bounded order closed
convex set is σ(X,X∼uo)-closed, then X
∗ is order continuous.
Proof. By [21, Theorem 3.1] and Lemma 2.13, it is enough to show that every norm
bounded disjoint sequence in X+ is not isomorphic to `
1 basis. Suppose not. Then
there is a norm bounded disjoint sequence {fn} in X+ which is isomorphic to `1
basis. By Proposition 2.10, co({fn})o is order closed and hence, it is σ(X,X∼uo)-
closed by the assumption. Since {fn} is a disjoint sequence, fn uo−→ 0 and hence,
fn
σ(X,X∼uo)−−−−−→ 0. It follows that 0 ∈ co({fn})o. This contradicts Corollary 2.11. 
Theorem 4.3. Let X be a Banach lattice. The following statements are equivalent:
(1) Every order closed convex set is σ(X,X∼uo)-closed.
(2) X∗ is order continuous and X has property P1.
(3) X∼n is order continuous and X has property P1.
If X is monotonically complete with OSSP and X∼n contains a strictly positive
element, then they are also equivalent to the following:
(4) C
o
= C
σ(X,X∼uo) for every norm bounded convex set in X.
(5) Every norm bounded order closed convex set is σ(X,X∼uo)-closed.
(6) X∗ is order continuous.
Proof. Clearly, (2) =⇒ (3) and (4) =⇒ (5) always hold. (5) =⇒ (6) is
Proposition 4.2.
(1) =⇒ (2). Since any σ(X,X∼uo)-closed set is σ(X,X∼n )-closed, X has property
P1. By Proposition 4.2, we also obtain that X∗ is order continuous.
(3) =⇒ (1). When X∼n is order continuous, X∼uo = X∼n . It follows that (1) and
P1 are equivalent.
Now, suppose that X is monotonically complete with OSSP and X∼n contains a
strictly positive element.
(3) =⇒ (4). By Proposition 2.7 and Corollary 2.22, X has property P3. The
conclusion follows from the fact that X∼uo = X
∼
n when X
∼
n is order continuous.
(6) =⇒ (3). If X∗ is order continuous, Proposition 2.16 implies that X∼n is
order continuous and X has DOCP . From Theorem 2.23, we conclude that X has
property P1. 
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From Theorem 4.3, we obtain that Problem 4.1 has an affirmative answer if and
only if X∼n is order continuous and X has property P1. In particular, when X is
a Musielak-Orlicz space, Problem 4.1 has an affirmative answer if and only if X∼n
is order continuous.
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